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1. Introduction
1.1. Motivation
The use of mathematical modeling and numerical simulation of heat dynamics in a build-
ing is an efficient and practical method to reduce energy consumption and to improve thermal
comfort. A model can serve as a useful tool in selecting insulating materials, size and heat
output of radiators, parameters of ventilation and heating systems. A model can also help in
selecting optimal values of the control parameters in pursuit of energy efficient utilization.
The aim of this paper is to produce the simplest possible model of a building that in-
corporates the major features of heat transfer dynamics. In addition, it is recommended to
have a model which parameters can be estimated already at the design phase of a building.
This allows for making the right decisions when it comes to selecting building technology,
devices, and installations. The last but not least thing is to have a model in a form that allows
for the efficient design of the control algorithms.
1.2. Related work
The modeling approach examined in this paper is based on the heat conduction equa-
tion published by Joseph Fourier in 1822 [3]. The mathematical theory of heat conduction has
been the topic of hundreds of publication, numerous monographs, and several comprehensive
textbooks, such as [6, 7, 11, 16]. A systematic review of the historical evolution of mathe-
matical models applied in the development of building technology can be found in [9, 10].
The review with the references therein provides an insight into various forms of modeling
approaches including physical modeling, neural networks, expert systems, fuzzy logic, and
genetic models.
Many researchers have applied and extended the heat conduction equation to obtain
models for detailed analysis of building thermal phenomenon. Lu [8] has described the ther-
mal model of a building by nonlinear partial differential equations that have been solved by
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the finite element method. In the paper [1] a model of heat dynamics in a test building has been
formulated as a system of stochastic differential equations. Several authors [4, 5] have investi-
gated RC circuits (both linear and nonlinear) as an electrical representation of the temperature
dynamics in a building structure. This paper continuous investigation of thermal models of
the buildings and tries developing a framework that can be used by researchers, engineers,
and practitioners. The modeling framework shall provide a simple scheme for creating the
mathematical model for a building assuming that its geometry and materials properties are
known.
1.3. Organization of the paper
The paper is organized as follows. In the next section, the modeling assumptions are
examined. Section 3 illustrates the modeling concept applied to a single room. Following
section applies the concept to an exemplary building structure consisting of five rooms. Sec-
tion 5 presents the simulation results for a typical situation when the temperature of each
room is controlled independently by thermostat units that are mounted on the radiators. Con-
clusions are in section 6.
2. Modeling assumptions
The following assumptions are made when creating the thermal model of a building:
(A1) Indoor air temperature is the same for all points in a room space;
(A2) Density of air is constant throughout all rooms;
(A3) The same amount of air is removed from the building (and each room) as is supplied to
it by the ventilation system;
(A4) The geometry of the building and thermal properties of the materials which the building
is constructed of are known.
3. Modeling approach for a single room
Consider a single room of a building that is enclosed by walls, floor, and ceiling. The
room has usually several windows and is accessible via doors. The temperature of the air
inside the room with the volume Vi is assumed to be uniform and is denoted as Ti. Denote
by Qini the thermal power transferred to the room (applied thermal power) and by Q
out
i the
thermal power transferred out of the room (dissipated thermal power). The relationship in the
time domain between the heat that is transferred to or from the room and the temperature of
the air inside the room can be expressed by the following equation
dTi
dt
=
1
cρVi
(
Qini −Qouti
)
, Ti(0) = T 0i , (1)
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where c is the specific heat capacity of air, ρ is the density of air, T 0i denotes the initial
temperature.
3.1. Dissipated thermal power
The overall thermal power loss from a room can be expressed as follows
Qouti = Q
tc
i +Q
ve
i , (2)
where Qtci relates to heat loss by thermal conduction through walls, windows, doors, ceiling,
etc., and Qvei relates to heat loss by ventilation.
Heat loss by thermal conduction
The heat loss by thermal conduction can be calculated as (e.g. [15])
Qtci =
N
∑
j=−1
Ai, jUi, j(Ti−Tj) , (3)
where Ai, j is the area of the exposed surface between i-th and j-th room, Ui, j is the resultant
overall heat transfer coefficient that corresponds to Ai, j, N is the total number of rooms in
the building, the room indexed as j =−1 stands for the earth, and j = 0 stands for the outer
space.
The resultant heat transfer coefficient can be calculated as a weighted average of the
elements that the surface Ai, j is composed of [14], that is
Ui, j =
∑
k
Ai, j,kUi, j,k
∑
k
Ai, j,k
, (4)
where ∑
k
Ai, j,k = Ai, j.
Heat loss by ventilation
The heat loss due to ventilation without heat recovery can be expressed as (e.g., [12])
Qvei = cρqi (Ti−T0) , (5)
where qi denotes air volume flow.
The heat loss due to ventilation with heat recovery can be expressed as
Qvei = (1−β )cρqi (Ti−T0) , (6)
where β stands for heat recovery efficiency.
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3.2. Applied thermal power
The heat gains of the room include the heat from central heating system (radiator heat
gain), the heat from solar radiation (solar heat gain), and the heat from occupants, lights,
equipment and machinery (internal heat gains):
Qini = Q
u
i +Q
sol
i +Q
int
i . (7)
Radiator heat gain
Most central heating systems are based on heated water that is delivered from a central
boiler to each room of the house where it transmits the heat to the air through a radiator
or some other radiant heating devices. The amount of heat emitted from a radiator can be
considered as a regulated parameter in a thermal control system [13]
Qui = Q
un
i
T uini −T uouti
Tc ln
T uini −Ti
T uouti −Ti

n
, (8)
where Qui is the emitted heat, Q
un
i is the nominal heat emission specified by the manufac-
turer, T uini is the actual water inlet temperature of the radiator, T
uout
i is the actual outlet water
temperature from the radiator, Tc = 49.833K is the constant temperature difference, n is a
constant describing the type of radiator.
Solar heat gain
When the sun shines through the window, additional heat is transferred into the room
(see also [15])
Qsoli = ∑
k, j=0
f ci, j,k f
s
i, j,kAi, j,kq
sol
i, j,k , (9)
where Ai, j,k is the area of a window glass, f si, j,k is the shading factor, f
c
i, j,k is the glass solar
factor defined as the percentage of total solar radiant heat energy transmitted through glazing,
and qsoli, j,k is the head load per meter squared window area and this load has been tabulated for
various locations, times, dates, and orientations (see e.g., [2]).
Internal heat gains
Internal heat gains are the gains from occupants, lights, equipment, and machinery. Typ-
ical values of internal heat gains can be found in [2].
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4. Illustrative example of the thermal model of a house
Consider a storey house that is set on the ground (Figs. 1 and 2). In the house there
are five rooms: a bedroom, a bathroom, a living-room, a kitchen, and an anteroom (Tab. 1).
The external walls (47cm) of the house are made of four layers including structural clay tile
(30cm), mineral wool as an insulating material (15cm), internal (1cm) and external (1cm)
cement-lime plasters. All internal walls (12cm) are made of brick (10cm) with 1cm cement-
lime plaster on both sides. The roof is flat and isolated with mineral wool of 20 cm. Steel
exterior doors are made out of heave-gauge galvanized steel over a core of rigid foam. All
internal doors are made of wood. All windows are double glazed with PVC frames. The
building geometry parameters and thermal properties of building construction elements are
summarized in the Tables 2–5.
Fig. 1. Floor plan of the house
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Fig. 2. 3D projection of the house
Table 1
List of rooms with associated indexes. Earth and outer space are also considered
as rooms with special indexes: −1 and 0, respectively
Room name Index i
Earth −1
Outer space 0
Bedroom 1
Bathroom 2
Living-room 3
Kitchen 4
Anteroom 5
Table 2
Areas of the surfaces between separated zones
Ai, j [m2] −1 0 1 2 3 4 5
1 7.51 21.18 0 6.90 0 0 6.77
2 5.31 10.11 6.90 0 6.90 0 4.80
3 36.43 79.36 0 6.90 0 6.87 4.75
4 13.02 31.07 0 0 6.87 0 11.8
5 9.39 14.14 6.77 4.80 4.75 11.8 0
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Table 3
Resultant overall heat transfer coefficients corresponding to the surfaces Ai, j
Ui, j [W/(m2 K)] −1 0 1 2 3 4 5
1 0.30 0.27 0 0.80 0 0 1.00
2 0.30 0.30 0.80 0 0.8 0 1.08
3 0.30 0.30 0 0.80 0 0.99 1.08
4 0.30 0.28 0 0 0.99 0 0.91
5 0.30 0.34 1.00 1.08 1.08 0.91 0
The house is equipped with a mechanical ventilation and heat recovery system. The air
volume flow is assumed to be constant for each room. The heat recovery efficiency is 50%.
The parameters of the ventilation system are given in Table 4.
Table 4
Volumes of rooms, ventilation rates, and parameters for calculation of internal heat gains
1 2 3 4 5
Vi [m3] 18.78 13.28 91.08 32.55 23.48
qi [m3/h] 20 50 60 70 10
Qintmini [W] 20 15 25 40 15
Qintmaxi [W] 42.53 30.93 134.29 79.06 43.17
Table 5
Other building geometry parameters and thermal properties of building construction elements
Parameter Symbol Value Unit
Specific heat capacity of air c 1005 J/(kgK)
Density of air ρ 1.205 kg/m3
Heat recovery efficiency β 0.5 −
Surface area of exterior doors Ai, j,k 2.31 m2
Surface area of interior doors Ai, j,k 1.89 m2
Surface area of a single window Ai, j,k 1.17 m2
Surface area of a double window Ai, j,k 2.52 m2
Overall heat transfer coefficient of exterior doors Ui, j,k 0.25 W/(m2 K)
Overall heat transfer coefficient of interior doors Ui, j,k 0.8 W/(m2 K)
Overall heat transfer coefficient of a window Ui, j,k 0.9 W/(m2 K)
Shading factors f si, j,k 0.95 −
Glass solar factors f si, j,k 0.6 −
Head load for a south-oriented window qsoli, j,k 97 W/m
2
Head load for a north-oriented window qsoli, j,k 40 W/m
2
Head load for a west-oriented window qsoli, j,k 61 W/m
2
Head load for a east-oriented window qsoli, j,k 65 W/m
2
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The internal heat gains including gains from occupants, lights, equipment, and machin-
ery are modeled using the following formula
Qinti (t) =
Q
intmax
i between 6 p.m and 12 p.m.,
Qintmini otherwise,
(10)
where the values Qintmaxi and Q
intmin
i are given in Table 4.
The outdoor air temperature is measured using an external sensor. Figure 3 presents a
temperature profile that has been used in the simulation experiments. The earth temperature
is assume to be stable at the level of 15.0 ◦C. The sun shines between 8 a.m. and 6 p.m.
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Fig. 3. Outdoor air temperature over the course of the simulation experiment
The dynamics of the indoor air temperature can be now formulated using differential
equations of the following form
cρV
dT (t)
dt
= AT (t)+Bu(t)+B0T0(t)+B−1T−1(t)+Qint(t)+Qsol(t) , (11)
where T (t) = col(T1(t),T2(t), . . . ,T5(t)), u(t) = col(u1(t),u2(t), . . . ,u5(t)), ui(t) =Qui (t) for
i = 1,2, . . . ,5, V = diag(V1,V2, . . . ,V5),
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A =

−∑5j=1 A1, jU1, j A1,2U1,2 . . . A1,5U1,5
A2,1U2,1 −∑5j=1 A2, jU2, j . . . A2,5U2,5
...
...
. . .
...
A5,1U5,1 A5,2U5,2 . . . −∑5j=1 A5, jU5, j
− (1−β )cρ

q1
q2
...
q5
 I , (12)
B = I, B−1 =

A1,−1U1,−1
A2,−1U2,−1
...
A5,−1U5,−1
 , B0 =

(1−β )cρq1+A1,0U1,0
(1−β )cρq2+A2,0U2,0
...
(1−β )cρq5+A5,0U5,0
 , (13)
Qsol(t) =

qsol1,0,1(t) f
c
1,0,1 f
s
1,0,1A1,0,1
qsol2,0,1(t) f
c
2,0,1 f
s
2,0,1A2,0,1
∑4k=1 qsol3,0,k(t) f
c
3,0,k f
s
3,0,kA3,0,k
∑2k=1 qsol4,0,k(t) f
c
4,0,k f
s
4,0,kA4,0,k
0
 , Qint(t) =

Qint1 (t)
Qint2 (t)
...
Qint5 (t)
 , (14)
t > 0, the initial condition T (0) = [17.0 18.0 20.0 19.0 16.0]T ◦C is given.
5. Illustrative example of the control algorithm design
The house is equipped with a central heating system and each room has its own radiator.
A thermostat unit is mounted on each radiator and all radiators in the house work indepen-
dently. This is a very typical control scheme for most of the buildings. The thermostat con-
trols the flow of hot, central heating water, into the radiator. In the simulation experiments it
is assumed that the thermostat implements PID control algorithm that is
ui(t) = K
(
ei(t)+
1
Ti
∫ t
0
ei(τ)dτ+Td
dei(t)
dt
)
, ei(t) = T seti −Ti(t) , (15)
where K = 50 is proportional gain, Ti = 1000s is integral time, Td = 0.0025s is derivative
time, T seti = 21
◦C, i = 1,2, . . . ,5 are the desired set temperatures. The following constraints
imposed by the radiator construction are valid for t > 0
0W≤ ui(t)≤ 500W, (16)
0W≤ ui(t)≤ 500W, (17)
0W≤ ui(t)≤ 3000W, (18)
0W≤ ui(t)≤ 800W, (19)
0W≤ ui(t)≤ 400W. (20)
(21)
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The simulation results are presented in Figures 4–8. The total energy needed to heat the
house during a simulated day (a day has 24 hours) is equal to 9.26kWh.
Fig. 4. Temperature T1 in the bedroom (solid line) and radiator power (dashed line) applied by the
thermostat unit that has been programmed to keep the indoor temperature at the set level
(dotted line)
Fig. 5. Temperature T2 in the bathroom (solid line) and radiator power (dashed line) applied by the
thermostat unit that has been programmed to keep the indoor temperature at the set level
(dotted line)
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Fig. 6. Temperature T3 in the living-room (solid line) and radiator power (dashed line) applied by the
thermostat unit that has been programmed to keep the indoor temperature at the set level
(dotted line)
Fig. 7. Temperature T4 in the kitchen (solid line) and radiator power (dashed line) applied by the
thermostat unit that has been programmed to keep the indoor temperature at the set level
(dotted line)
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Fig. 8. Temperature T5 in the anteroom (solid line) and radiator power (dashed line) applied by the
thermostat unit that has been programmed to keep the indoor temperature at the set level
(dotted line)
6. Conclusions
This paper has described an efficient and practical way for modeling heat transfer dy-
namics in a building which can be an office area, apartment house, industrial plant, etc. The
resulted mathematical model is represented by first order differential equations. The number
of rooms where the indoor air temperature shall be controlled determines the order of the
dynamical model. The modeling approach allows incorporating of various form of heat loses
and various forms of heat gains. One of the main advantages of the presented approach is
that the model parameters can be determined easily and uniquely from the geometry of the
building and thermal properties of the building materials. As a result, formal identification of
the model parameters is not required. The approach leads to mathematical models that can be
used for the design of the temperature control algorithms as well as for the calculation of the
overall energy consumption.
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